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Classical Compound Model

Classical Compound Model

S =


N∑

i=1
Yi , N > 0

0, N = 0
and M =

{
S
N , N > 0
∅, N = 0

with N,Y1,Y2, · · · are independent and Yi are identically
distributed.
Premium:

E [S] = E [N]E [Y ]

Reserve:

Var (S) = E [N]Var (Y ) + (E [X ])2Var (N)

Question: What if N and (Y1,Y2, · · · , ) are not
independent?
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Two classical approach modelling dependence

Two(three) popular way to model the dependence.
Copula

Conceptually simple
Hard to model the systematic dependence (Vine copula)

Hard to choose right copula.
No posterior distribution available
Easy to determine goodness of fit

Random Effect
Can carefully organize the systematic dependence
Marginal and dependence effect can be mixed
Posterior distribution available: posterior risk classification
Hard to determine goodness of fit

Graphical Model
Dependence in Frequency-Severity

Copula: Czado et al. (2012), Cossette et al. (2018)

Random effect: Boudreault et al. (2006), Hernández-Bastida et al. (2009),

Baumgartner et al. (2015), Oh et al. (2018)

Graphical model: Frees et al. (2014); Shi et al. (2015); Garrido et al. (2016)
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Copula: Modelling the dependence

Summarization of Czado et al. (2012)’s model.

Frequency: N ∼ Pois(λ)
Mean severity: M ∼ Gamma(µ, v) with mean µ and
variance µ2/v
N ∼ F1 and M ∼ F2

Joint Modelling:

(N,M) ∼ Cρ(F1,F2)

where Cρ is Gaussian copula with correlation coefficient ρ.
Estimation result: ρ = 0.1366 with Full comprehensive car
insurance in Germany in the year 2000.

Contradiction to the literature: Strong positive correlation
between frequency and severity ?
Literature (Frees et al., 2014; Shi et al., 2015; Garrido et al.,
2016)

Comprehensive insurance: strong negative dependence
Liability insurance: weak dependence
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Issues in Copula Modelling

Joint Modelling:
(N,M) ∼ C(F1,F2)

with N ∼ Pois(λ) and M ∼ Gamma(µ, v).
Issues in Copula Modelling

Is M ∼ Gamma(µ, v) proper?
Is the choice of Copula family CΘ proper?

What is the corresponding copula C⊥ if frequency and
severities are independent?
Good candidate for copula family CΘ should include C⊥
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Choice of right copula

Question: What is copula C⊥ if frequency and severities are
independent?
Simulation study under independence assumption:

N ∼ Pois(λ)

Y1, · · · ,YN
i.i.d.∼ Gamma(µ, v), Note (N ⊥ Yi )

Define M :=


N∑

i=1
Yi

N , N > 0
∅, N = 0

Simulation of (N,M)⇒ Empirical copula
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Choice of right copula
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(a) 3D Plot: Density of Copula
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(b) Contour: Density of Copula

Figure: Density Estimation of Copula of (N,M) using Kernel Density
Estimation
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Choice of right copula?

No known copula family includes the such copula!
Construction of such copula family is not trivial.

Other option?
Modelling with mirco-level data:

(N,Y1, · · · ,YN) ∼ Cθ(F1,F2, · · · ,F2)

where, for example, F1: Poisson and F2:Gamma
Difficulty:

Choice of multi dimensional copula family Cθ
Not a classical statistical method: Dimension of
(N,Y1, · · · ,YN) changes with N.
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Review: Shared Random Effect Model

Shared random effect
model (Baumgartner et al.,
2015)

Frequency

N
∣∣R ∼ Pois(λ)

where λ = exp (α0 + R)

Severity

Yj
∣∣R i.i.d.∼ Gamma(µ, v)

where µ = exp (α1 + α2R)

Random effect R ∼ π
Handy joint distribution expression (N,Y1, · · · ,Yk )∫

f (r ,n, y1, · · · , yk )dr =

∫
π(r)f (n

∣∣r) k∏
j=1

f (yj
∣∣r)dr
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Construction of Factor Copula Model

Factor Copula Model Marginal Distributions:

N ∼ F1 and Yj ∼ F2

Cθ: a bivariate Gaussian
copula with corr= θ

Random effect R ∼ N(0,1)

Handy joint distribution expression of (N,Y1, · · · ,Yk )∫
f (r ,n, y1, · · · , yk )dr =

∫
φ(r)f (n

∣∣r) k∏
j=1

f (yj
∣∣r)dr

After some math: (N,Y1, · · · ,Yk ) ∼ CΣ(F1,F2, · · · ,F2)
where CΣ is a Gaussian copula with correlation matrix Σ
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Copula model with micro-level data: Choice of copula

Model:

(N,Y1, · · · ,Yk ) ∼ CΣ(F1,F2, · · · ,F2), for k ∈ N

Σ is a (k + 1)× (k + 1) correlation matrix

Σ =



1 ρ1 ρ1 ρ1 · · · ρ1
ρ1 1 ρ2 ρ2 · · · ρ2
ρ1 ρ2 1 ρ2 · · · ρ2
ρ1 ρ2 ρ2 1 · · · ρ2
...

...
...

...
. . .

...
ρ1 ρ2 ρ2 ρ2 · · · 1


where ρ1 = θ1θ2 and ρ2 = θ2

2 which is positive definite if
and only if

|θ1| < 1 and |θ2| < 1 (1)
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Factor Copula Model ⇒ Copula Model?

Factor Copula (Random effect)
Model

⇓ Integrating R

Copula Model:

(N,Y1, · · · ,Yk ) ∼ CΣ(F1,F2, · · · ,F2)

Question:
Why starting from factor copula model?
Define copula model first?
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Factor Copula Model ⇒ Copula Model?

Defining a copula model

(N,Y1, · · · ,Yk ) ∼ CΣ(F1,F2, · · · ,F2)

is possible without the help of the factor copula model.
but with the help of factor copula representation...

Easy extension into multi-year compound model (Valdez,
Oh, Jung, and Ahn, 2019)

N1, · · · ,Nt , (Y1,1, · · · ,Y1,k ), · · · , (Yt,1, · · · ,Yt,k )

Complex covariance matrix in multiple year model
Convenient posterior ratemaking

Generation of various copula models is possible
t-copula (Valdez, Oh, Jung, and Ahn, 2019)
Archimedean copula (Cossette et al., 2018)
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Data Analysis: Massachusetts Automobile Claims

Insurance automobile claims in 2006 (Ferreira Jr and
Minikel, 2012):

3.25 million policies from liability insurances
Number of Claims 0 1 2 3 4 5

Count 3,164,447 128,311 5,463 310 31 3
Explanatory variables

Primary driver charasteristics: Adult, Business, Youth,
Senior
Territory group: 6 sectors

Previous study (Frees et al., 2014; Shi et al., 2015) using
the following model:

Yi
∣∣N ∼ Gamma(µi, v)

with
logµi = Xi

Tβ + β0N,

conclude weak (positive) dependence between frequency
and severity.

Ahn, J. N-Y Copula



Data Analysis: Massachusetts Automobile Claims
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Data Analysis: Massachusetts Automobile Claims

Spearman’s rho between N and Yi (Within a year):

ρS(N,Yi) =
6
π
· arcsin(ρ1 · 2) = −0.013

Similar with Frees et al. (2014); Shi et al. (2015); Garrido et al. (2016)

Spearman’s rho between Yj and Yi (Within a year):

ρS(Yj ,Yi) =
6
π
· arcsin(ρ2 · 2) = 0.034

Dependence between Yi ’s are stronger than dependence
between frequency-severity
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Data Analysis: Massachusetts Automobile Claims

Estimation under Czado et al. (2012)’s model using
Massachusetts Automobile Claims.

Frequency: N ∼ F1 = Pois(λ)

Mean severity: M ∼ F2 = Gamma(µ, v) with mean µ and
variance µ2/v
Joint Modelling:

(N,M) ∼ Cρ(F1,F2)

where Cρ is Gaussian copula with correlation coefficient ρ.
Estimation result: ρ = 0.1413
Comparable to our result: corr (N,Y ) = −0.013
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Summary and Conclusion

Modelling the dependence in frequency and severity:
Use of N in explanatory variable of severity
Random effect model
Copula model

In copula modelling, caution is required.
Impossibility of modelling N and M
Required to define joint model (N,Y1, · · · ,YN) (via factor
copula model)

Actual data analysis:
Dependence between frequency and severities were minor
compared with dependence between severities.

Our model can be extended into multiple years (Valdez,
Oh, Jung, and Ahn, 2019)
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Thank You.
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Copula model with micro-level data: Dimensions

Modelling of (N,Y1, · · · ,YN) ∼ C
Σ

(N)
ρ1,ρ2

(F1,F2, · · · ,F2) can

be nonsense.
Dimension changes with N

Solution:
Use the following model:

(N,Y1, · · · ,Y∞) ∼ C
Σ

(∞)
ρ1,ρ2

(F1,F2, · · · ,F2)

Assumption: among full data

(N,Y1, · · · ,YN ,YN+1, · · · ,Y∞)

we only observe
(N,Y1, · · · ,YN)

1

1This setting is common in missing data analysis.
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